Exponential decay estimates for second-order quasi-linear elliptic equations  by Horgan, Cornelius O & Wheeler, Lewis T
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 59, 267-271 (1977) 
Exponential Decay Estimates for Second-Order 
Quasi-linear Elliptic Equations* 
CORNELIUS 0. HORGAN** AND LEWIS T. WHEELER 
Department of Mechanical Engineering, University of Houston, 
Houston, Texas 77004 
Submitted by Peter D. Lax 
1. INTRODUCTION 
Spatial decay estimates for elliptic and parabolic equations have been the 
subject of intense investigation in recent years. These studies were motivated by 
a desire to formulate Saint-Venant-type principles in elasticity and heat con- 
duction. We refer to [l] for a survey of some of the work on elliptic equations, and 
to the recent papers [2-4] and the references cited therein for work on parabolic 
equations. 
Recently, Roseman [5, 61 has discussed spatial decay results for nonlinear 
elliptic equations in semi-infinite strips. The estimates obtained in [5, 61 give 
rise to theorems of Phragmtn-Lindelbf type.l For example, in [6], Roseman 
considers the minimal surface equation 
(1 + %22) *,11 - 2w42%12 + (1 + %12) %zz = 0 (1.1) 
for a function u = u(xl , 2 x ) defined on the semi-infinite strip 0 < x1 < co, 
0 < x2 < h. Here II,, denotes the partial derivative of u with respect to X, and 
we use the usual Cartesian tensor notation, with summation over repeated 
subscripts implied. If u vanishes on the long sides of the strip and tends to zero 
together with its first derivatives as X, - co, and if the second derivatives of u 
are no larger than l/h, then Roseman [6] shows that u and all its derivatives 
decay exponentially as x1 + 00. 
Up to now, the main techniques used in establishing spatial decay results has 
been the use of energy inequalities involving exponential decay estimates for 
quadratic integrals. Pointwise estimates are derived using higher-order energies 
or Sobolev inequalities (see, e.g., [5-81). R ecently, the present authors have 
utilized the maximum principle to provide directly explicit global pointwise 
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estimates [3, 4, 9, 101. In [9, IO] second-order linear elliptic partial difierential 
equations in two independent variables are treated, while [3, 41 deal with linear 
(and some semilinear and quasi-linear) parabolic equations.2 
In this work, we extend some of the analysis of [IO] to cover quasi-linear 
uniformly elliptic equations of the form 
Q(u) = a,,(~, u, VU) u,,~ = 0. (14 
Clearly the minimal surface equation (1.1) is a special case of (1.2). We consider 
a Dirichlet problem for Q in the rectangle 
R = {(xl, x,)]O <Xl < I, --h/2 <x2 <h/2}. (1.3) 
We suppose that u E C2(R), Cl(w) satisfies (1.2) in R subject to the boundary 
conditions 
U(% , did/g = 0, 44 x2) = 0, (1.4) 
40, x2) = fez> (1.5) 
where the given function f is sufficiently smooth and satisfies f (&h/2) = 0. 
In this paper, we establish that u decays exponentially with distance from the 
end x1 = 0 and we provide a characterization of the decay rate in terms of the 
coefficients. Because the coefficients may in general depend upon the solution 
and its gradient, this version of the decay rate is not explicit. However, for the 
particular case of the minimal surface equation, this shortcoming can be met 
with the aid of an estimate which bounds a certain derivative in terms of the 
prescribed data. 
The plan of the paper is as follows. In the next section, we briefly outline 
how the well-known energy approach yields an exponential decay estimate for 
the minimal surface equation (1 .l), subject to (1.4), (1.5). The decay rate is 
characterized in terms of an upper bound for the magnitude of the gradient of 
the solution of (1.1). The problem of obtaining gradient bounds for solutions 
of partial differential equations in terms of boundary data is a topic of major 
interest in its own right. We refer, e.g., to the papers [ll, 121 for background. 
The methods described in these works provide ways of obtaining bounds of the 
required type for equation (1.1). F or our purposes here, we merely wish to 
draw attention to the feasibility of such schemes in conjuction with the energy 
technique in Section 2. 
In the main section of the paper, Section 3, we return to the quasi-linear 
problem (1.2), (1.4), (1.5) and, using the maximum principle, establish the basic 
exponential decay property of the solution (Theorem 2). In Section 4, this result 
is applied to the minimal surface equation (1 .l), resulting in an explicit 
characterization of the decay rate in terms of the quantity g, E supR / u,~~ / . 
a See also [19, 201 for applications in elasticity. 
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Then on using the maximum principle, we express g, explicitly in terms of the 
first derivative of the prescribed boundary data. In conclusion, we make some 
remarks concerning other particular quasi-linear elliptic equations. 
2. AN ENERGY APPROACH 
As mentioned in the Introduction, spatial decay estimates in elasticity and 
heat conduction have been established in recent years chiefly through techniques 
based on differential inequalities for “energy-type” integrals. Here we briefly 
outline how such an approach may be used to provide spatial decay results for 
the minimal surface equation (1 .l). 
For our purposes in this section, it is convenient to write (1.1) in divergence 
form (cf. [13]) 
(~,1/~),1 + (u,~/W,~ = 0 in R (2.1) 
where 
w = (1 + u,; + u,;L)r’2 ES (1 + 1 vu I”)““. (2.2) 
Define the energy integral E(z) by 
E(z) = J,,, (l/W) (u,1% + u,:, dA, O<Z<l, (2.3) 
where R(z) is the subrectangle z < x1 < I, --h/2 < x2 < h/2. If L(z) denotes 
the line segment x1 = , z -h/2 < x2 < h/2, we find, on using the divergence 
theorem and (1.4), (2.1), that 
Direct differentiation of (2.3) gives 
-W) = - j-., (l/W) (u,,“+ u,2”> dx,. 
(2.4) 
(2.5) 
Thus, for any constant k, we have 
E’(4 + 2kE(z) = - IL(.) (l/W (u,,” + u,,2 + 2kuu,,) dx, . (2.6) 
Our object now is to choose a positive value for k such that the right-hand side 
of (2.6) is negative, thus obtaining a first-order differential inequality implying 
the exponential decay of E(x). 
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We write (2.6) as 
E’(z) 4 2KE(z) = - jLte, (l/W) [(u,~ A ku)” J- (qz2 - k2u2)] dx, . (2.7) 
Suppose now that 
W, < W < W, on R, (2.8) 
where W,, , W, are positive constants. Then (2.7) implies that 
E’(z) + 2kE(z) < - L(z) 
s t 
k2u2 
+$ - + dx, . 
1 0 
Now, since u = 0 at xa = &h/2, we have 
(2.10) 
and so 
E’(z) + 2kE(z) < - [+ - $-) j u2 dx, . (2.11) 
0 L(r) 
Thus, if we take 
k = (r/h) ( W,/ WI)‘lz, 
(2.11) yields the exponential decay inequality 
(2.12) 
E(z) < E(0) e--2ks, O<z<l. (2.13) 
Estimates of the form (2.13) have received wide attention. In particular, for 
the linear problems discussed in [7, 81, for example, it is shown how results of 
this type may be used to derive explicit pointwise decay estimates. Since we do 
not wish to pursue this approach here, we are content with some remarks. 
It is of interest to note that, if we formally take W = 1 in the foregoing, then 
k = n/h and we recover the known optimal decay rate for the Dirichlet problem 
for Laplace’s equation [7]. From the definition of Win (2.2), it is clear from (2.8) 
that we may take 
w, = 1, w, = sup(1 + 1 Vu I”)““. (2.14) 
R 
Thus, in view of (2.12), we see that explicit upper bounds for W, will lead to 
exponential decay inequalities (2.13) with explicit decay rate k. Consequently, 
we are led naturally to consideration of upper bound estimates for the gradient 
of solutions for the Dirichlet problem for the minimal surface equation. As was 
discussed in the Introduction, this aspect of research in partial differential 
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equations has been the subject of intense activity. For the minimal surface 
equation, we refer to the papers [13-151, for example. As we pointed out at the 
end of the Introduction, the approach used in the remainder of this work leads to 
consideration of upper bounds for / ~,a 1 (rather than for W), which we obtain 
explicitly in terms of the dataf. 
3. SECOND-ORDER QUASI-LINEAR ELLIPTIC EQUATIONS 
We return now to the quasi-linear equation (1.2) and we suppose that 
u E C2(R), Cl(R) satisfies (1.2) subject to the boundary conditions (1.4), (1.5). 
We assume that u is such that the operator Q is elliptic with respect to u (uni- 
formly over R). Thus, the quantity p defined by 
is positive. It is easily shown that 
a11 3 I*, a22 2 CL, 121 +j’- lj1'2, 
(3-l) 
where 
v(u, Vu) = sup a,,(x, 24, VU). (3.3) 
R 
Thus, for the minimal surface equation (1 .l) we have 
$1 = 1 + u,22, a12 = --u,1%2, a22 = 1 + u,,2 , (3.4) 
and so p, Y may be taken to be 
CL = 1, " = 1 + sup I%22I 9 (3.5) 
R 
in this case 
Define the uniformly elliptic linear operator 
J-[u, WI = %@(X, u, Vu) WY,!3 > (3-e) 
for u satisfying (1.2)-( 1.5). The following theorem is an immediate consequence 
of the maximum principle for JV [16]. 
THEOREM 1. Let u E C2(R), Cl(R) and suppose that (1.2)-(1.5) are satisfied. 
Let q E C2(R), Cl(R) und suppose 
Jv^[u, ?I G 0 On R (3.7) 
v > IuI on aR. (3.8) 
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we now construct an auxiliary function v satisfying the conditions of the 
foregoing theorem which will, through (3.9), exhibit an exponential decay 
estimate for u. We seek a function v of the form 
y(x) = eFk21$(x2), 
where (CI > 0. Condition (3.7) will be satisfied if 
L’(~)~b”-2k~$‘+k’~~~O on R. 
22 
In view of (3.2), (3.3), we see that this is the case if # obeys 
*” ’ 2k ((t)’ - ‘)l” I #’ I t k2 ($)’ 4 = 0 
on (- G , G) 
It is easy to establish that (3.12) has 
*(x2) = 
Keka’ss’ sin k((h/2) - 1 x, I) 
sin(kh/2) 
as a solution for any positive constant K, where 
01 = ((;)” - 1)1’2, k=Garctan(i] (O<k<+). 
Also # satisfies 
4 > 0 on (-h/2, h/2), etw = 0 
in these circumstances. Thus, in view of (1.4), we see that 
~ _ Kepkz1ek”z2~~~WV&) - I x2 I) 
(3.10) 
(3.11) 
(3.12) 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
satisfies (3.7) and all of (3.8) except on the end xi = 0. To ensure that the latter 
condition is satisfied, we pick 
K = t-f,:ph,2L sin k((h/2) - I xz I) ekai+ ’ (3.17) 
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From (3.17), it can be shown that (cf. [lo]) 
K < (W) (-;,;ph,2) If’ I = WW’- (3.18) 
Thus we have established 
THEOREM 2. Let u E F(R), Cl(a) and satisfy (1.2)-(1.5). Then 
I +>I < hj 
‘e”“z sin k((h/2) - 1 x2 1) eekxl 
2 sin(kh/2) 
oll R 
7 (3.19) 
where k, 01 are gimtz in (3.14). 
It is of interest to note that when a,, = a,, (so that Q becomes the Laplace 
operator), then Eqs. (3.14) reduce to 
a = 0, k = r/h (3.20) 
giving the optimal decay rate in this case. 
4. EXPLICIT DECAY ESTIMATE FOR THE MINIMAL SURFACE EQUATION 
We now specialize the results of the previous section to the case of the minimal 
surface equation. Thus, in view of (3.5), we see that (3.14) may be written 
a = ((1 + gJ2 - 1)1/Z, k = (2/h) arctan(l/or), (4.1) 
where 
g2 = sup I u,,2 I - 
R 
(4.2) 
We see that the exponential decay rate k in (3.19) depends on the solution u in the 
explicit manner determined by (4.1), (4.2). H ence, the decay estimate will be 
fully determined if we find an upper bound for 1 u,a I in terms of the data f. 
Thus, in similarity with the energy approach in Section 2, we are led to obtaining 
a gradient estimate for solutions of the minimal surface equation in terms of 
boundary data. In the present case, we require only a bound for the transverse 
derivative, a fact which greatly simplifies the resulting treatment. 
In what follows, we supply an appropriate value for g, in (4.2). The result is 
obtained in two steps: (i) A bound for g,O =de* supsR 1 #,a2 j is derived, and (ii) it 
is shown that supR I u,22 ] = supas 1 u,a2 1 . The fact that step (ii) holds for the 
minimal surface equation is well known [l 1, 151 and affords a major simplifica- 
tion in obtaining gradient estimates. 
409/59/2-S 
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Step (i) may be carried out using the maximum principle for the operator J 
defined in (3.6). We have 
THEOREM 3. Let u E C2(R), C’(a) satisfy (1 .l), (1.4) and (1.5) and ussume 
that w E C(R), Cl(R) is such that 
A+, v] < 0 on R, (4.3) 
40, x2) b If(x2I 3 
(4.4) 
h 0 u Xl,Tj- = ( 1 , v Xl, ( 
-; 30, 
1 
46 x2) 2 0. 
Then 
I u,2@1> h/2)1 G lo>,@1 9 WI - (4.5) 
Proof. Let 0 = v - u. Then 
JV[U, 01 = N[u, w] < 0 on R, (4.6) 
e(o,x2) 2 0, e ( xl,$- 1 = 0, 8 (x1, - $-) 2 0, e(z, ~$1 2 0. (4.7) 
By the minimum principle for N, we conclude that 0 2 0 on R. Since 0 = 0 
on xa = h/2, we have 
~,,(xl, h/2) < ~,2(xl, h/2). (4.8) 
Similarly, on using 0 = v + u, we find 
-74&1,W 3 ~,2@1, h/2), W) 
and so conclusion (4.5) follows. 
We observe that for an auxiliary function w defined in an obvious way, an 
analog of Theorem 3 yields the bound 
I %2(X1 s --WI G I w&l , -WI , (4.10) 
on the lower horizontal side. Clearly, on the vertical sides, we have 
I %2@ x2)1 = If’(Xz>l P %2(& x2) = 0, 
and so it remains to find a suitable choice for v, w. 
It is readily verified that 
+l, ~2) = ((h/2) - ~2) sup I f’ I (4.12) 
(4.11) 
EXPONENTIAL DECAY ESTIMATES 275 
satisfies (4.3) and the last three conditions in (4.4). As for (4.4), , sincef(h/2) = 0, 
we have 
I f(x2)l =/ Jh’hl a / < ((W) - 3) sup If’ I . 
52 
(4.13) 
Thus (4.5) and (4.12) furnish 
I %2(X1 > W)l G SUP If’ I * (4.14) 
Similarly, the choice w = (~a + (h/2)) sup 1 f’ 1 yields 
I %(X1 ! -WI < sup If’ I 3 (4.15) 
and so, in view of (4.1 l), we obtain 
g,O = sup If’ 12, (4.16) 
which concludes the analysis in step (i). 
To verify the assertion which constitutes step (ii), we proceed as follows. On 
differentiating (1.1) with respect to xa and using the notation e, = u,a , it can be 
shown that (cf. [15]) 
.4u, 4 + 2[+&,, - %>I VI = 0 in R, (4.17) 
where .N has been defined in (3.6). Thus the maximum and minimum prin- 
ciples for M yield 
I % I < 5;” I % I , (4.18) 
as required. Thus, by virtue of (4.2), (4.16) we conclude that 
g2 =supIf’12 (4.19) 
and so the decay rate k in (4.1) is fully explicit. 
5. CONCLUDING REMARKS 
It is of interest to consider examples of other quasi-linear elliptic equations 
for which the present analysis may be applied. Thus, for example, for the 
“false” minimal surface equation [l 1, p. 4401 
(1 + %2 ) us11 + 2%1%2%12 + (1 + u,,", UT22 = 0 (5.1) 
the results of Sections 3 and 4 apply directly. 
Another second-order equation mentioned by Serrin [ll, p. 4311 is 
(1 + %12)%11 + 2w4,2%12 + (1 + %27%22 = 0. (5.2) 
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For this equation, the statement of Theorem 2 still holds, with v in (3.3) now 
given by 
1, z 1 + sup j U,,2 1 . 
R 
(5.3) 
Thus, to carry out an appropriate analogue of Section 4 here, one would need to 
obtain a bound for supR / ~4,~~ j in terms of the boundary data. It is similarly 
true that Theorem 2 implies exponential decay of the stream function in com- 
pressible subsonic fluid flow. However, an elaborate analysis would generally 
be required to arrive at explicit results. An exception is the K&rmk-Tsien 
fluid [17] for which the results obtained here on the minimal surface equation 
can be applied directly. 
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